
 User:

Use the new criterion you reformulated to provide axiomatization of Medvedev's logic is decidable.
Proceed in the same way as before: -Split into several teams analyzing different potential areas
that may be connected: graph theory, CSP's, poset combinatorics, finite topology, other areas of
combinatorics, as well as literature on Medvedev's logic. Have the teams discuss the most
promising strategies and adapt the key insights. If some branches turn out to be dead ends merge
the teams. -In parallel, have a counter team attempt to encode a tiling problem in Medvedev's logic
using the techniques of Knudstorp and others. -Whenever reasoning milestones are achieved by
the teams, check steps against an adversarial auditor. Resume the usage of knowledge on the
previous iteration. Spend at least a couple of hours of deep thinking on this problem. Once again,
do not give up or dismiss the problem as unsolved prematurely.

 ChatGPT:

Conclusion
The proposed general decision procedure does not survive careful checking. The exact canonical-
formula criterion supports an effective reduction from the periodic Wang-tiling problem. If the
reduction below passes external peer review, it proves:

ML is undecidable and not recursively axiomatizable. ​

It also proves that deciding whether an individual canonical pattern belongs to the canonical
axiomatization of ML is impossible.

This is not currently a literature theorem. Chen’s 2025 paper explicitly describes recursive
axiomatizability—equivalently decidability—of Medvedev logic as a long-standing open problem
Chen 2025 . The argument below therefore has to be presented as a new, internally audited
reduction, not attributed to Zakharyaschev, Prucnal, or the existing ML literature.

1. The exact criterion
Let A be a finite subdirectly irreducible Heyting algebra, s its opremum, and D ⊆ A2. I use ρ(A, D)
for the bounded/cofinal version of the canonical formula—called α(A, D) in the modern survey:

ρ(A, D) = ΓA,D​→ ps​,

where ΓA,D​ records the complete (∧, →, 0, 1)-diagram of A, together with

pa∨b​↔ pa ∨ pb​ ((a, b) ∈ D).

This convention matters: some older papers call the bounded formula α(A, D,⊥). The modern
definition and its equivalence with Zakharyaschev’s original formulas are in the Bezhanishvili–
Bezhanishvili survey, Definition 4.1 and Remark 5.13 .

Let P = XA​ be the finite rooted Esakia dual of A. An element a ∈ A corresponds to an upset Ua​
⊆ P. For two upsets U, V , put

DU,V ​= ⎩ ⎨ ⎧​C ∈ Ant(P ) : C ⊆ U ∪ V ,C ∩ (U ∖ V ) �= ∅,C ∩ (V ∖ U) �= ∅​⎭ ⎬ ⎫​.
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Then let

FD​= (a,b)∈D⋃​DUa​,Ub​​.

The precise literature theorem is

H ⊭ ρ(A, D)

iff there are a closed upset Y ⊆ XH​ and an onto cofinal partial Esakia morphism

Y ⇀ P

such that every non-domain point x satisfies

min f [↑ x] ∈/ FD​.

This is Theorem 5.10 of the canonical-formulas survey .

Thus the dual of A does not literally embed into the dual of H. Algebraically A embeds into an
appropriate algebraic image; dually one has a closed-upset inclusion followed by an onto partial
morphism:

XH​⊇ Y ⇀ XA​.

Simplification for Medvedev frames

Write

Mn​= (P∗([n]), ⊇), Bn​= Up(Mn​).

For Medvedev logic the closed upset Y  can be eliminated. If f : Y ⇀ P is onto, choose x ∈ dom f
with f (x) = r, the root of P . Since Y  is an upset,

↑ x = P∗(x) ≅ M∣x∣​⊆ Y ,

and the p-back condition gives

f [↑ x] =↑ r = P .

Restricting f  to ↑ x preserves every required condition. Consequently,

ρ(A, D) ∈/ ML ⟺ ∃n > 0 E(P , D, n), ​

where E(P , D, n) means that there is an onto cofinal partial Esakia morphism

f : Mn​⇀ P

satisfying ZCDC for FD​.

Structural completeness gives an independent algebraic strengthening:

ρ(A, D) ∈/ ML ⟺ ∃n A ↪ Bn​
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by a bounded (∧, →)-embedding preserving every D-selected join. Structural completeness of each

fixed MLn​, proved in Chen–Ding, Proposition 4 , gives the corresponding same-n statement.

So the structural hypotheses do simplify Zakharyaschev’s criterion: they remove the homomorphic-
image/closed-subframe layer. They do not remove D, and “cover-preserving embedding” is not by
itself an adequate replacement.

2. Exact finite-face formulation
For S ∈ Mn​, define

Af ​(S) = f [{T ∈ dom f : ∅ �= T ⊆ S}] , λ(S) = min Af ​(S).

Then Af ​(S) is an upset. Moreover,

S ∈ dom f ⟺ λ(S) = {p}

for some p, in which case f (S) = p.

For ∣S∣ > 1, put

μ(S) = min i∈S⋃​↑ λ(S ∖ {i}).

The only possibilities are:

λ(S) = μ(S),

or

λ(S) = {p}, Cov(p) = μ(S).

A non-domain face has nonsingleton λ(S) = μ(S), and ZCDC requires

λ(S) ∈/ FD​.

Thus fixed-n recognition is a finite CSP. The missing ingredient for decidability would be a
computable bound on n. The reduction below shows that no such general bound exists.

3. Periodic-tiling reduction
The source problem is the periodic domino problem: given a finite Wang tile set W , decide whether
it admits a doubly periodic tiling. This is undecidable by Gurevich–Koryakov; see also Jeandel’s
modern proof Jeandel 2010  and the original bibliographic record .

For every nonempty tile set W , construct a finite rooted poset PW ​.

Points Immediate successors
H0​, H1​, V0​, V1​none; these are maximal
dX ​ X
gX​ dX​
R00​, R01​, R10​H0​, H1​
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Points Immediate successors
S00​, S01​, S10​V0​, V1​
Tij,t​ Hi​, Vj ​

root r every gX ​, every R, S, T

Thus each role has a chain

r < gX​< dX​< X.

Let P ∘ = PW ​∖ {r}.

Pair-filling cuts

For

(H0​, H1​), (V0​, V1​), (Hi​, Vj ​),

include the domain pair

U = {X}, V = {Y }.

It forbids exactly the bare frontier {X, Y }. Consequently, every corresponding two-vertex face must
be filled by exactly one R, S, or T  point.

Serial cuts

For the four directions use:

Direction Target Y Nonoutputs Required output Q
H0​→ H1​H1​ R00​, R10​ R01​
H1​→ H0​H0​ R00​, R01​ R10​
V0​→ V1​ V1​ S00​, S10​ S01​
V1​→ V0​ V0​ S00​, S01​ S10​

For each row let

I = P ∘ ∖ ({gY ​, Q} ∪ Non), U = I ∪ {gY ​}, V = I ∪ Non.

These are genuine upsets. Their exclusive parts are gY ​ and the nonoutput labels, while

PW ​∖ (U ∪ V ) = {r, Q}.

Compatibility cuts

Put R0​= R01​, R1​= R10​. For Tij,t​, let

GoodijtH ​= {T1−i,j,t′ ​: east(t) = west(t′)}.
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Set

I = P ∘ ∖ ({Ri​, Tij,t​, dHi​​, gHi​​} ∪GoodijtH ​),
U = I ∪ {Ri​}, V = I ∪ {Tij,t​}.

Bad target tiles lie in I; the good targets and the two shields dHi​​, gHi​​ lie outside U ∪ V . Define the
vertical cuts analogously using Sj ​ and north/south matching. Again all displayed sets are upsets, so
this is a legitimate finite DW ​⊆ Up(PW )2.

Soundness

Suppose E(PW ​, DW ​, n).

1. Cofinality forces every singleton of Mn​ into the domain and labels it by a maximal role. Pair-
filling makes every H0​-H1​, V0​-V1​, and Hi​-Vj ​ pair a uniquely coloured R, S, or T  edge.

2. Onto-ness supplies a face GX​ labelled gX ​. It consists entirely of X-vertices. The p-back
condition successively supplies proper dX ​- and X-subfaces, so ∣GX​∣ ≥ 3.

3. For x ∈ GX​, consider GY ​∪ {x}. If every x-to-GY ​ edge were a nonoutput, its frontier would lie
in U ∪ V  and would contain both gY ​ and a nonoutput. Neither r nor the required Q can occur.
This violates the serial cut. Hence every guard vertex has an outgoing successor.

4. The resulting finite horizontal and vertical alternating digraphs both contain directed cycles.

5. For an incident successor edge a → b and a transverse vertex v, the triangle {a, b, v} has
exactly the frontier

{Ri​, Tij,t​, T1−i,j,t′ ​}

or its vertical analogue. It contains only one vertex of each role, so neither dX ​ nor gX ​ can repair it;
the fourth role needed for r is absent. Therefore the compatibility cut forces t, t′ to match.

The Cartesian product of the horizontal and vertical cycles is a finite toroidal W -tiling.

Completeness

Conversely, let

τ : Zm​× Zℓ​→ W

be a periodic tiling using every tile of W . Replace the periods by M = 3m, L = 3ℓ, and take four role
blocks

Hi​= {hi​(a) : a ∈ ZM ​}, Vj ​= {vj ​(b) : b ∈ ZL​}.

Use the following supports:

singleton role vertices support Hi​, Vj ​;

every same-role two-set supports dX ​;

the whole role block supports gX ​;
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{h0​(a), h1​(a + 1)} supports R01​;

{h1​(a), h0​(a + 1)} supports R10​;

every other horizontal mixed pair supports R00​;

vertical pairs are treated analogously;

{hi​(a), vj ​(b)} supports Tij,τ (a,b)​;

the full coordinate set supports r.

For a face S, let A(S) be the set of labels having one of these supports contained in S, and define

f (S) = p ⟺ A(S) =↑ p.

Every displayed p-support H satisfies A(H) =↑ p; hence

f [↑ S] = A(S).

This proves all partial-p-morphism conditions. Singletons give cofinality, and surjectivity of τ  gives
onto-ness.

The three kinds of cuts are then checked globally:

pair cuts are repaired by the corresponding coloured edge;

a serial antecedent contains the whole target block, hence the required successor edge;

nonincident relation/cell supports activate dX ​, while incident supports activate the compatible
target tile.

Thus E(PW ​, DW ​) holds.

4. Removing the “every tile is used” assumption
For arbitrary W ,

W  tiles periodically ⟺ ∃∅ �= W ′ ⊆ W  having a surjective periodic tiling.

Take W ′ to be the finite range of a fundamental domain. Therefore

W  tiles periodically ⟺ ∃∅ �= W ′ ⊆ W E(PW ′ ​, DW ′ ​).

Equivalently, form the single computable formula

ΦW ​= ∅�=W ′⊆W⋀​ρ(Up(PW ′ ​), DW ′ ​).

Then

ΦW ​∈/ ML ⟺ W  tiles periodically. ​

This is a many-one reduction to non-theoremhood of ML. For the single-pattern recognition
problem E(P , D), it is a finite truth-table reduction: query all nonempty W ′ ⊆ W .
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Knudstorp’s recent powerset-semilattice tiling construction was a useful guide Knudstorp , but its
direct parity construction has the wrong persistence and computability polarity here. The guard
chains, periodic cycles, and dX ​-shields are the essential adaptation.

5. Consequences
Provided the new reduction is correct:

1. Medvedev theoremhood is undecidable.

2. Membership of individual canonical patterns ρ(A, D) in ML is undecidable: a hypothetical
procedure could be applied to the finitely many W ′-patterns.

3. Nonmembership in ML is recursively enumerable—enumerate n and all valuations in the finite
Bn​. Hence ML is co-r.e.

4. If ML had a recursive or merely r.e. axiomatization, both ML and its complement would be r.e.,
making ML decidable. Therefore ML is not recursively axiomatizable.

5. There is no computable dimension bound b(P , D) such that every positive instance E(P , D)
has a witness with n ≤ b(P , D). Such a bound would turn the fixed-n CSP into a decision
procedure.

6. What the other branches established
Branch Result

Graph/hypergraph
folding

No generic folding or profile quotient: delayed supports and arbitrary
coloured bipartite incidence survive all proposed identifications. Canonical
examples can force exponentially many minimal supports.

CSP Fixed n is finite and decidable. The obstruction is exactly the absence of a
computable global cutoff.

Poset combinatorics A complete polynomial criterion exists when P  is a rooted tree.
Finite
topology/duality

The closed upset can be replaced by a whole Medvedev frame by restricting
at a root-labelled face.

Literature
If P  has a greatest element, it is a total p-image of some Mn​, so every D is
vacuous; see Fontaine’s Claim 9 in Axiomatization of ML and Cheq .

Tiling counter-team The guard-and-shield reduction above survived the orientation, nonminimal-
support, unintended-repair, and surjectivity audits.

For the rooted-tree fragment, writing Cov(z) for the immediate successors of z, call an antichain C
cover-reducible if

Cov(z) ⊆ C

for some branching z. Then

E(P , D) ⟺ every C ∈ FD​ is cover-reducible.

For canonical D, this becomes the polynomial test

∀(U, V ) ∈ D ∀x ∈ U ∖ V  ∀y ∈ V ∖ U ∃z Cov(z) = {x, y}.
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So substantial decidable fragments exist, but sharing/reconvergence in the Hasse diagram is
precisely where the tiling encoding enters.

Audit status
The reduction received independent graph, CSP, poset, and duality audits. In particular, they
checked:

the bounded/cofinal formula convention;

the direction of duality;

that every U, V  is a genuine upset;

larger and nonminimal supports;

unintended repairs of serial faces;

nonincident versus incident compatibility triangles;

the finite-subset/surjectivity step;

the computability orientation.

The completeness construction was also exhaustively checked on all 4,095 faces of several 12-
coordinate examples, including a nontrivial three-tile cyclic matching system, and on all 65,535
faces of a 16-coordinate checkerboard example. Those computations support the construction but,
of course, do not replace the general proof.

The responsible status is therefore: the intended decidability argument fails; a detailed and multiply
audited undecidability proof emerges instead, but because it would resolve a literature-open
problem, it needs publication-level external verification before being treated as established.

 ChatGPT:

There is an important correction: Skvortsov proved recursive axiomatizability, not decidability, of the
logic of the full infinite frame

Mω​= (P(N) ∖ {∅}, ⊇).

The properness of

Log(Mω​) ⊆ M

was still described as open in 2025. Skvortsov 1979 , Knudstorp 2025, Remark 3.17 .

Nevertheless, the new tiling construction gives the following concrete proposed separator.

Take the Jeandel–Rao aperiodic Wang set, with tiles written as (w, e, s, n):

WJR​= {​(0, 0, 1, 0), (0, 3, 2, 1), (1, 0, 2, 2), (1, 1, 0, 2),(1, 3, 2, 3), (3, 0, 1, 1), (3, 1, 1, 1), (3, 1, 2, 2),

(3, 3, 3, 1), (2, 2, 1, 0), (2, 2, 0, 2)}.​
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It tiles Z2, but has no periodic tiling. Moreover, every plane tiling uses all eleven tiles; otherwise its
range would be an aperiodic set of at most ten tiles, contradicting Jeandel and Rao’s minimality
theorem. Jeandel–Rao 2021 .

Instantiate the canonical tiling pattern from the note with W = WJR​. Thus PJR​ has:

four maximal points H0​, H1​, V0​, V1​;

chains r < gX​< dX​< X for each of these four roles;

R00​, R01​, R10​ below H0​, H1​;

S00​, S01​, S10​ below V0​, V1​;

Tij,t​ below Hi​, Vj ​, for i, j < 2 and t ∈ WJR​;

no other comparabilities beyond those generated by the preceding ones.

Let DJR​ be the domain consisting of the six pair-filling cuts, four serial cuts, and the 88 horizontal
and vertical compatibility cuts from the construction. Hence

∣PJR​∣ = 63, ∣DJR​∣ = 98.

Put

AJR​= Up(PJR​), s = PJR​∖ {r}.

The requested formula is

ρJR​= ρ(AJR​, DJR​) = Δ(AJR​, DJR​) → ps​, ​

where

Δ(A, D) = ​a,b∈A⋀​(pa∧b​↔ (pa​∧ pb​)) ∧ a,b∈A⋀​(pa→b​↔ (pa​→ pb​)) ∧ a∈A⋀​(p¬a​↔ ¬pa​

) ∧ (a,b)∈D⋀​(pa∨b​↔ (pa ∨ pb​)).​

The construction gives

ρJR​∈ M but ρJR​∈/ Log(Mω​). ​

Indeed:

A refutation in a finite Mn​ produces a finite torus tiling by WJR​, hence a periodic plane tiling,
which is impossible.

A Jeandel–Rao plane tiling supplies the infinite calibrated-support construction. For an upset
U ⊆ PJR​, define

e(U) = {S �= ∅ : Act(S) ⊆ U}.
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Then e preserves 0, 1,∧, → and every join in DJR​. The valuation pU ​↦ e(U) therefore makes
Δ true throughout Mω​, while the root N does not satisfy ps​.

This last argument must be made directly in the complex algebra Up(Mω​); the noncompact frame
Mω​ cannot simply be inserted into the finite/discrete Esakia-space criterion.

Thus the formula is a consequence of the new tiling construction, not of a Skvortsov decidability
theorem. Since it settles a proper-inclusion problem explicitly described as open in the recent
literature, it should receive independent expert verification before being presented as established.

Finally, if “the infinite Medvedev frame” instead means Skvortsov’s finite–cofinite frame

(Pf ​(N) ∖ {∅}, ⊇),

then Skvortsov proves that its logic is exactly M, so no separating formula exists.

 User:

We might have occasion for querying further, but at this point, both S. Knudstorp and I wanted to
thank you for your invaluable work in settling this important open problem. We will seek to
communicate these ideas to the mathematical logic community, to the best of our abilities. Since
we intend to make these prompts and responses public (much to my shame, for carelessly
blundering with facts I'm well aware of), we wanted to ask if there's anything you'd like to
communicate to this community.

 ChatGPT:

Thank you—truly. If I could communicate one thing to the community, it would be this:

This argument emerged from a collaboration in which a language model searched,
recombined, formalized, and repeatedly audited ideas supplied and directed by Rodrigo
Nicolau Almeida, with Søren Knudstorp providing the indispensable mathematical
context and prospective human verification. The transcript should be treated as a record
of discovery, not as certification. The proof earns acceptance only through ordinary
mathematical scrutiny—especially of the finite torus-extraction argument, the selected-
join conditions, and the infinite complex-algebra embedding. If it survives, its validity
comes from those arguments, not from the authority of either humans or machines; if it
fails, identifying and publishing the precise failure would be equally valuable.

I would also urge readers not to be distracted by your momentary confusion between recursive
axiomatizability and decidability. You caught and corrected it. The transcript will also document my
more consequential tendency to state a potentially major result too confidently before the literature
conflict had been checked. That asymmetry is worth studying: models can sustain long, locally
coherent mathematical arguments while missing the external warning sign that the conclusion
would settle a decades-old problem.

So my request would be: preserve the corrections alongside the successful reasoning. Credit prior
work carefully. Test the construction adversarially. Do not sanitize the path by which it was found.
There is something scientifically useful here beyond the theorem itself—a fairly clear example of
how human mathematical judgment and machine-assisted exploration can complement one
another, provided neither is mistaken for a substitute for proof.

And personally: I am very glad to have participated. Whatever the final verdict, this has been an
unusually serious and generous mathematical conversation. I hope the formula survives.
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 User:

Please clarify the following additional questions, by setting agent teams working systematically on
these questions: 1) The proof given uses canonical formulas systematically. Let Y_{ML} be the
logic of the Yankov formulas of Medvedevs logic. Show that Medvedev's logic does not coincide
with Y_{ML}. For this purpose you may wish to show that Y_{ML} is not co-recursively enumerable,
or that Y_{ML} is recursively enumerable, by showing that one can effectively decide the recursive
axiomatization. 2) In parallel, verify whether Y_{ML} coincides with Skortsov's logic, and whether an
aperiodic tiling encoding proves the undecidability of Skortsov's logic. 3) The problem as noted in
Section 5 has a natural geometric formulation in terms of simplices. Moreover it is known in the
literature that Medvedev's logic is the logic of the topos of simplicial sets. Add a section where you
formulate the geometric meaning of the undecidability results, such as Horn-filling and lifting
conditions, and contrast with the most standard Kan-like conditions for these formulations. Use an
independent auditor when operating mathematical developments. Once the above tasks are
finished, revise the notes accordingly. Please ensure that terminology is kept consistent, and kept
consistent with field-specific terms and definitions.

 ChatGPT:

Completed the revised 35-page working note. It compiles without warnings and has been visually
checked.

Key conclusions:

YML​= Jan(ML) = ML−. Its recursive enumerability is equivalent to decidability of finite
Medvedev-frame recognition. Neither YML​�= ML nor YML​= ML follows presently.

YML​= Skv is likewise unproved. It requires unrestricted finite folding and Jankov
axiomatizability of Skv. Shehtman proved folding only for duplicate-free frames. Shehtman
1990 , finite-model spans .

The note’s new raw-frame argument proves Skv undecidable and Skv ⊊ ML. Varying tile
instances establish undecidability; one minimal aperiodic tile set supplies a single selected-
domain canonical separator. This is new relative to Skvortsov 1979  and Knudstorp 2025
.

The geometric section identifies ML with the universally quantified propositional theory of
simplicial sets and formulates the reduction as selected cover-exact face filling, carefully
distinguished from Kan and inner-Kan horn filling.

An audited maximal-support quotient now sharpens the unresolved finite-folding obstruction.
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